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Another demonstration of the theorem by Hojman and
Harleston

J Ronald Farias and L J Negri

Departamento de Fisica, Universidade Federal da Paraiba, 58.000, Jodo Pessoa (PB),
Brazil

Received 25 August 1982

Abstract. Another demonstration of a theorem on the calculus of variations derived
recently by Hojman and Harleston (using Helmholtz conditions) is presented.

1. Introduction

Recently Hojman and Harleston (1981) have demonstrated the following theorem
on the calculus of variations. Consider the Lagrangian L=L(g, 4’ ¢), i=1,...,n,
such that

det(9°L /a4, oq;) #0
which leads to the set of equations
G,=(d/dn(6L/34;)—(3L/3q;)= 0.
The Lagrangian L =L(q', ', t), with
det(5°L/aq: 8d:) # O,
is said to be subordinate (or equivalent) to L iff
{G:i =0} {G; = (d/dr)(3L/3q;) ~ (3L /3q;) = O}.
Theorem. If L is subordinate to L and
Gi=Al4,4,1)G,, (1
with det A # 0, then the trace (or the trace of all integer powers) of A is a constant

of the motion. (The _assumption that A_l, the inverse matrix to A, exists, implies that
L is subordinate to L, and this is assumed.)

Henneaux (1981) has derived this result in a more geometrical fashion. Lutzky

(1982) also did the same using Cartan form; Gonzalez-Gascon (1982) directly from
Euler’s equations.

Here, we derive it using the Helmholtz conditions (Helmholtz 1887).
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2. Helmholtz conditions

Helmbholtz conditions are necessary and sufficient conditions for a given set of equations

Gi(q,4,4,1),i=1,...,n, to be derived from Hamilton’s variational principle, which
are
aG,/an = BG,/aq'. (20)
ﬁ+i@=i(i¢;+i@> (26)
aq, 8q, de 6q, Bq,
8G; 8G; 1d (BG,- aG,-) .
—_—— = ———— N =1,2,---, .
6q] 6q, 2dt aq] aq; h " (ZC)

From (2a) and (2b) it immediately follows that ; must be linear in §. Hence,
without loss of generality we can restrict ourselves to equations of the form (Engels
1975)

Gi(q.’qxq.)t)EGik(qaqst)ék+gi(q7q.st)=0 i’k=1’2;---’n (3)

(using the summation convention). With this the Helmholtz conditions are transfor-
med into

G,‘]‘ = G,',' aGik/aq.,' = ale/aq, (4(1, b)
agi ag, (BG;,- ) aG,‘,)
—+—==2l —qy +—
8q; 94 94« ™5 (4e)
3Gy Gy _1( g &g

- ”‘E—( A g’.) (4d)
3q;  9q;  2\odk 9q; 0qu 34

98 ag,«_1< i g ) LPe g
aq, dq; 2

_%_1 Lik=1,2,... . n 4
3qx 84, 94k 9d: aroq, oreg 7 " (4e)

The existence of L also will be assured by imposing Helmholtz conditions on

G =AfGinm +Afg =0

which take
AfG=AfGy (5a)
A Gim)/0d; = (A Gim)/34i (5b)
AAlg) , HAfg) 2(a<A:‘Gk,)qm +a(A,*ij)> 50)

a4; aq; G m at
NAGmi) _HATGme) _1 (az(A:"gm) _az(A;"gm)> ()

aq; aq; 2\ qidq; 84 8G;

HATgm) H(A]'gm)

aq; aqi

=1[(62(Ai"gm)_az(A,'v“gm)) ) +(a2(A.*"gm>_az(A}"gm)>] (5¢)
2 89 94; 04.04; 9tad; 0tad; .
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3. Demonstration of the theorem

Equation (5¢) can be put in the form
AT JAT
(— +

8
aq;  odq;

e f

98m _
3d;

d 5
)gm+A,'.“ LAT 2E(A§"Gm,)+2(a, (A;"ij)>d,. 0. ©6)

n

On the other hand, using (4a), (4b), (S5a) and (5b), the last term of (6) can be written
as

0 BA;" 0AT 3G G ..
(= A?Gm-)"f( : +—.’)Gmm +arm oy gm0, %
aqn( )4 ad; 94 1 dd; " ag;

Using (3) in (7), we get

d
2( lm my >un
5. )4

Bq, 4 q'

aq. '
Using this in (6) results in
2(d/de)(AT)Gmi +2A7(d/dt)N(Gmy) + AT Grin (3G1/ 8G;) + AT Gran (3G/8G:) = 0. (8)
Now, from (4¢), using (3), we get
2(d/de)(Gy) = —Gin(3qn/ 3d;) ~ Gin 3G/ 34:)
which on substitution into (8) and using (4a) and (5a) yields the following result
2(d/dr)A")Grmj — AT (8Gn/ 8Gm) Gni + (3Gn/ 3G:)) A7 Gmi = 0. 9)

Multiplying (9) by G,}l, elements of the inverse matrix to G, effecting the sum on j
and utilising the relation

GiiGi-kl =i,
we get

2(d/de)(AT) ~ AT 3G/ Gm) +(3Ga/ ) ATy = 0. (10)
It is easy to see from (10) that

2(d/dn)(AQ) =0,

i.e., the trace of A is a constant of motion. To prove the same result for the trace of
all integer powers of A, from the above result, is trivial.
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